UNCONDITIONALITY IN TENSOR PRODUCTS AND IDEALS OF 
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Abstract. We study tensor norms that destroy unconditionality in the following sense: for 
every Banach space E with unconditional basis, the n-fold tensor product of E (with the cor- 
responding tensor norm) does not have unconditional basis. We establish an easy criterion to 
check weather a tensor norm destroys unconditionality or not. Using this test we get that all 
fj^ , injective and projective tensor norms different from e and 7r destroy unconditionality, both in 
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full and symmetric tensor products. We present applications to polynomial ideals: we show 
that many usual polynomial ideals never enjoy the Gordon-Lewis property. We also consider 
the unconditionality of the monomial basic sequence. Analogous problems for multilinear and 
operator ideals are addressed. 
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Introduction 

(N 

There has been a great interest on the study of unconditionality in tensor products of Banach 
iy-j \ spaces and, more recently, in spaces of polynomials and multilinear forms. As a rather uncom- 

plete reference, we can mention \12\ O [151 HH1 129| l30l 132] , A fundamental result obtained by 
Schiitt |32] and independently by Pisier |30] (with additional assumptions) simplified the study of 
unconditionality in tensor products: in order to know if a tensor product of Banach spaces with 
unconditional basis have also unconditional basis, just look at the monomials. The extension 
of these results to symmetric tensor norms (of any degree n) was probably motivated by the so 
called Dineen's problem or conjecture. In his book |17| . Sean Dineen asked the following ques- 
tion: if the dual of a Banach space E has an unconditional basis, can the space of n-homogeneous 
polynomials have unconditional basis? He conjectured a negative answer. Defant, Diaz, Garcia 
and Maestre |12| developed the symmetric n-fold versions of Pisier and Schiitt's work and, also, 
obtained asymptotic estimates of the unconditionality constants of the monomial basis for spaces 
As a result, they made clear that a counterexample to Dineen's conjecture should be very 
hard to find. Finally, Defant and Kalton |14| showed that if E has unconditional basis, then the 
space of polynomials on E cannot have unconditional basis. Defant and Kalton's result is based 
on a sort of dichotomy that they managed to establish: the space of polynomials either lacks the 
Gordon-Lewis property or is not separable. Therefore, should the space of polynomials have a 
basis, this cannot be unconditional. 

On the other hand, in |28| Perez-Garcfa and Villanueva illustrated the bad behavior of many 
tensor norms with unconditionality. They showed, for example, than no natural tensor norm 
(in the sense of Grothendieck) preserve unconditionality: for any natural 2-fold tensor norm, 
there exists a Banach space with unconditional basis whose tensor product fails to have the 
Gordon-Lewis property. 
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Motivated by these results, we investigate when a tensor norm (of any degree, and either 
on the full or on the symmetric tensor product) destroys unconditionality in the sense that, 
for every Banach space E with unconditional basis, the corresponding tensor product has not 
unconditional basis. 

We establish a simple criterion to check weather a tensor norm destroys unconditionality or 
not. With this we obtain that every injective and every projective tensor norm (other than e 
and 7r) destroys unconditionality In particular, every non trivial symmetric natural norm (see 
the next section) destroys unconditionality. 

In [H [10] some differences between the n = 2 and n > 3 cases were given. We present more 
evidence in which this cases are dissimilar: for n = 2 the only natural tensor norms that destroy 
unconditionality are symmetric and for n > 3 there are non-symmetric natural tensor norms 
that destroy unconditionality. The contrasting situation between the n = 2 and n > 3 cases 
is again exhibited for n-linear forms defined on the product of n different spaces, as well as in 
tensor products of different spaces. 

We also study unconditionality in ideals of polynomials and multilinear forms. We show that 
there are ideals Q n of n-homogeneous polynomials such that, for every Banach space E with 
unconditional basis, the space Q n (E) lacks the Gordon- Lewis property. Among these ideals we 
have the r-integral, r-dominated, extendible and r-factorable polynomials. For the last three 
examples we even get that the monomial basic sequence is never unconditional. 

Note that the behavior of these ideals with unconditionality is more drastic than the ideal of 
all continuous polynomials V n , since V n (E) can have the Gordon-Lewis property (for example, 
if E = £i). We present another example of a maximal Banach polynomial ideal Q n with the 
same property that Defant and Kalton showed for V n : Q n (E) never has unconditional basis, but 
it may enjoy the Gordon-Lewis property. In this cases, Q n (E) is not separable. 

We consider ideals of multilinear forms and ideals of operators, where some results have their 
analogous. 

We refer to [13] for the theory of tensor norms and operator ideals, and to |18[ \19\ [201 [2T| [22] 
for symmetric tensor products and polynomial ideals. 

1. PRELIMINARIES 

For a natural number n, a full tensor norm a of order n assigns to every n- tuple of Banach 
spaces (Ei, . . . ,E n ) a norm a( . ; <S>^_j_£7i) on the n-fold (full) tensor product <8>f = iEi such that 

(1) e < a < it on ®? =1 Ei. 

(2) || ®f =1 Ti : ( ®f =1 Ei,a) -> ( (8>f =1 Fi,a)\\ < \\Ti\\ . . . \\T n \\ for each set of operator 
Ti G C(Ei,Fi), i = l,...,n. 

Here, e and 7r denote the injective and projective tensor norms respectively. 

We say that a is finitely generated if for all Banach spaces Ei and each z in ®l l =1 Ei we have 

a(z,®"? = iEi) := mf{a(z,^ = iM n ) : z G ®? =1 Mi}, 

the infimum being taken over all n-tuples Mi, . . . , M n of finite dimensional subspaces of Ei, . . . , E n 
respectively whose tensor product contains z. 
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We often call these tensor norms "full tensor norms", in the sense that they are defined on the 
full tensor product, to distinguish them from the s-tensor norms, that are defined on symmetric 
tensor products. 

We say that j3 is an s-tensor norm of order n if (3 assigns to each Banach space E a norm 
/3( . ; (8>"' s i?) on the n-fold symmetric tensor product ® n ' s E such that 

(1) e s < /3 < vr 5 on ® n > s E. 

(2) || <g> n > s T : ( ® n ' s E,p)->( ® n ' s F, 0) \\ < \\T\\ n for each operator T G C(E,F). 
P is called finitely generated if for all E G BAN and z G ® n > s E 

/3(z,® n ' s E) = inf{a(z,® n ' s M) : M G FIN(E),z G ® n ' s M}. 

In both cases condition (2) will be referred to as the "metric mapping property". Also, all the 
full tensor norms (or s-tensor norms) that are not equivalent to e (or e s ) nor tt (or tt s ) will be 
referred to as nontrivial. 

Throughout the article, we will assume that all tensor norms are finitely generated. 

If a is a full tensor norm of order n, then the dual tensor norm a' is defined on FIN (the class 
of finite dimensional Banach spaces) by 

(®UMi,a') :=[(Ci<a)f 
and on BAN (the class of all Banach spaces) by 

a'(z,0tiEi) := M{a'(z,®? =1 M n ) : z G ®" =1 MJ, 

the infimum being taken over all re-tuples Mi, . . . , M n of finite dimensional subspaces of E±, . . . , E n 
respectively whose tensor product contains z. 

Analogously, for (5 an s-tensor norm of order n, its dual tensor norm f3' is defined on FIN by 

(®"< s M,/3') := [(&»>' M',P)]' 

and extended to BAN as before. 

For a, a full tensor norm of order re, we will denote a the full tensor norm of order n — 1 given 

by 

a(z, ^lEi) := a(z ® 1, E x ® • • • ® ® C), 

where z ® 1 := Y^iLl x l ® • • • ® 1, for z = ^i^i x i ® • • • (this definition can be seen as dual 
to some ideas on [2] and [6]). 

Using the metric mapping property and the definition of the operation (•) we get the following 
remark, which will be used throughout the article: 

Remark 1.1. Let Ei, . . . , E n Banach spaces, Xj G Bej (j = 3, . . . , re) and a a full tensor norm 
of order n. Then (.Ei (g) E^ <S> [x^] ® • • • ® [x n ], a) is a complemented subspace of (-E?i • • • ® E n , a) 
and this space is isometrically isomorphic to (£i ® i?2,5), where 5 is the 2- fold tensor norm 
which comes from applying re — 2 times the operation (•) to the norm a. 
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Let a be a full tensor norm of order n. We will say that a is projective if, whenever Pj : E{ — > F$ 
are quotient maps (i = 1 . . . n) , the tensor product operator 

®l=iPi ■ ( ®?=i Ei,a)^( ®? =1 Fi,a), 

is also a quotient map. 

On the other hand, we will say that a is injective if, whenever Jj : E± — > Fi are isometric 
embeddings (i = 1 . . . n), the tensor product operator 

is an isometric embedding. 

The projective and injective associates (or hulls) of a will be denoted, by extrapolation of 
the 2-fold \a/ and /a\ respectively. The projective associate of a will be the (unique) 

smallest projective tensor norm greater than a. Following |13[ Theorem 20.6.] we have: 

The injective associate of a will be the (unique) greatest injective tensor norm smaller than a. 
As in |13[ Theorem 20.7.] we get, 

( ®? =1 Ei,/a\) A ( ®2=i 4o(£^), a) . 

Note that in our notation, the symbols "\" and "/" by themselves lose their original meanings, 
as well as the left and right sides of a. 

With this, an n-linear form A belongs to ( ®f = i Ei, \a/V if and only if A o {Pe 1 , • • • , Pe„) £ 
( <8>iLi £\(BE i ), a)' where Pe 1 '■ £i(Be) — » E stands for the canonical quotient map. Moreover, 

11-411/ \' = \\Ao(P E ,,...,P E )\\, v . 

On the other hand, an n-linear form A is ( (S)^ Ei, if it has an extension to £<x> (-£?£') x 

• • • x ^oo{BE' n ) that is ( ®f =1 £oo(B E '.), a)'. Moreover, the norm of A in ( <S>™ =1 Ei, /a\)' is the 
infimum of the norms in ( <8>f = i £oo(B E /), ex) of all such extensions. 

The projective and injective associates for an s-tensor norm ft can be defined in a similar way: 

(® n ' a li(B E ),P) - (® n ' s i^,W). 

(®UE,/P\) ± {® n ' s loo(B E ,),P). 

The description of the n- homogeneous polynomial Q belonging to ( ® n,s E, \/3/)' or to ( (g> n,s 
E,/f3\Y is analogous to that for multilinear forms. 

Following the ideas of \13\ Proposition 20.10.], for a full tensor norm a and an s-tensor norm 
f3, we have the following duality relations 

(M)' = W, (\a/)' = AA, (/A/ = \/3'A (W)' = /A- 

Note that one could have defined a first, second, up to nth injective and projective asso- 
ciates (and any combination of them), in the spirit of the right and left injective and projective 
associates for 2-fold tensor products |13[ Section 20]. However, the notation would be rather 
uncomfortable and we will only use these associates in just one example. Therefore, we will only 
introduce the notation for that particular case when necessary. 



UNCONDITIONALITY IN TENSOR PRODUCTS 



5 



In |10| we have introduced and studied natural full symmetric tensor norm (of any order) in 
the spirit of the work of Grothendieck. Those are obtained from ir with a finite number of the 
operations \ /. / \, '. There are exactly four natural full symmetric tensor norms of order 2 |13^ 
Section 27], namely tt, e, /tt\ ~ W2 and \e/ ~ w' 2 - But for n > 3 we actually have 6 different 
ones. They can be arranged in the following way: 

7T 

t 

\M/ 
/ \ 
M W 
\ / 

/W\ 

t 

e 

where 0—7-7 nieans that 7 dominates a. And there are no other dominations than those showed 
in the scheme. We will discuss unconditionality for natural norms in the next section. 

2. Destruction of unconditionality 

In their fundamental paper |23| from 1974, Gordon and Lewis showed that spaces of operator 
between infinite dimensional Banach spaces lack a "reasonable unconditional structure", particu- 
larly the space €(£2) of all operators on the Hilbert space £2- Their key was to prove the so-called 
Gordon-Lewis inequality which estimates the unconditional basis constant by its Gordon Lewis 
constant. 

Recall that a Banach space E has the Gordon-Lewis property if every absolutely summing 

Ft S 

operator T : E — > £2 is 1-factorable (i.e. allows a factorization T : E — )• £i(/i) — > £2)- In this 
case, there is a constant C > such that for all T : E — > £ 2 , 

71 (T) := inf ||i2||||5|| < Cvr^T), 

and the best constant C is called the Gordon-Lewis constant of E and denoted by gl{E). 

These ideas were taken by Pisicr [30j and Schiitt [32j to give a deep study of unconditionality 
in tensor product of Banach spaces. They showed (independently) that for any full tensor norm 
a on the tensor product E F of two Banach spaces with unconditional basis (e,) and (/-,), 
respectively the monomials (e^ ® fj)ij form an unconditional basis if and only if E§§ a F has 
unconditional basis if and only if E(§> a F has the Gordon Lewis property. This was generalized 
by Defant, Diaz, Garcia y Maestre in |12| to the n-fold case. 

Theorem 2.1. |12[ Remark 1] Let E\, . . . , E n be a finite sequence of Banach spaces with 1- 
unconditional basis (e{). Then for each full tensor norm a, 

Xmon((^ =1 E,,a)) < 2"+V((^=i^,a)), 
where Xmon stands for the unconditional basis constant of to the monomial basis. 
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In particular this shows that (®J =1 £j, a) has unconditional basis if and only if the monomials 

(' — TL \ / ' — ' 71 \ 

<gij =1 Ej,a) if and only if [<g)j =1 Ej, a) has the Gordon-Lewis 

property, whenever Ej has unconditional basis. 

A similar result also holds for the symmetric n-fold tensor product of a Banach space with 

unconditional basis: 

Theorem 2.2. |12[ Corollary 1.] Let E be a Banach space with unconditional basis (ej). Then 
for each s-tensor norm (3 of order n, the following are equivalent: 

(1) The monomials of order n with respect to (ej) form an unconditional basis of (® n ' s E, j$\ 

(2) (® n,S ' E, j3) has unconditional basis 

(3) (<g> n ' s E, j3) has the Gordon-Lewis property. 

An interesting result due to Perez-Garcfa and Villanueva |28[ Proposition 2.3] is that, if 
(<g>" =1 Co,a) has unconditional basis, then a has to coincide (up to constants) with the injec- 
tive norm e on ®^ =1 cq. On the other hand, if the tensor product (<g>™ =1 ^i,a) has unconditional 
basis then a has to be equivalent to the projective norm n on <S>" =1 ^i |28[ Proposition 2.6]. 

A similar statement holds when considering Hilbert spaces |29[ Theorem 2.5.]. More precisely, 
if ((gi^^ce) has unconditional basis then a has to coincide with the Hilbert-Schmidt norm 02 

<g> i=1 co,a) and {® i=l l\,a) have 
both unconditional basis this imply that on the tensor product of Hilbert spaces a equals the 
Hilbert-Schmidt norm (we get this from |28l Proposition 2.7.] and \27\ Theorem 4.2.]) 

A consequence of this results is the following, also due to Perez-Garria and Villanueva |281 
Theorem 1.1], is that no natural 2- fold tensor norm preserves unconditionality: if a is a 2-fold 
natural tensor norm, there exists a Banach space E with unconditional basis such that E® a E 
has not unconditional basis. 

It is not hard to see that the same holds for natural tensor norms of higher order. Note 
that for a tensor norm, "not preserving" unconditionality means that there is some space with 
unconditional basis such that its tensor product lacks of it. We will see that many of the natural 
tensor norms have a more drastic behavior: they destroy unconditionality in the following sense: 

Definition 2.3. We will say that a full tensor norm a destroys unconditionality if the tensor 
product (<g>" E, a) does not have unconditional basis for any Banach space E with unconditional 
basis. 

As mentioned before, in order that a full tensor norm a preserve unconditionality it is necessary 
for a to be equivalent to e, 02 and ir in ® n Co, ® n (-2, ® n £\ respectively. If none of these conditions 
are satisfied, we have just the opposite: a destroys unconditionality. 

Theorem 2.4. Destruction Test: A full tensor norm a destroys unconditionality if and only 
if a is not equivalent to e, 02 and tt on ® n CQ, <S> n ^2 and ® n t\ respectively. 

To prove this we will need a result of Tzafriri: 

Theorem 2.5. |35| Let E be a Banach space with unconditional basis then E contains uniformly 
complemented at least one of the three sequences (^™)^ =1 with p £ {1,2, 00}. 
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Proof, (of Theorem 1 2. 4 p It is clear that a tensor norm that destroys unconditionality cannot enjoy 
any of the three equivalences in the statement. Conversely, suppose that a is not equivalent to 
e, o~2 and 7r on (g> n Co, ® n £-2 and <8> n £i respectively. Let us see that if E be a Banach space with 
unconditional basis, then ((g)" E, a) cannot not have the Gordon-Lewis property. By Theorem 12 .5 
we know that E contains an uniformly complemented sequence of (£™)^ =1 for p = 1,2 or oo. 
So, fixed such p, there is a constant K > such that 



gl[{® n £?,<*)) <Kgl{(®"E,a)), 
for every m. If gl({® n E, ajj is finite then, by Theorem 12.11 

Xmon ( (§%, a) J = SUp Xmon (®"^,a) < oo, if p = 1 or 2, 



771 



or 



Xmon ( (® C , a) J = SUp Xmon [ ( ®" a ) ) < OO if p = OO 



7(1 



This implies that either (<g) £i,a) or ((g) 1<i,ol) or ((g) co,a) has unconditional basis. Now using 
Perez-Garcia and Villanueva results |281 Propositions 2.3 and 2.6] and |29( Theorem 2.5] we 
have that, either a ~ ir on ® n l\ or a ~ 02 on (g n ^2 01 a ~ £ on (£> n co, which leads us to a 
contradiction. Therefore, ( (® n E, a) ) is infinite and the statement is proved. □ 



As a simple consequence of the test we have that, a full tensor norm a destroys unconditionality 
if and only if a' destroys unconditionality. 

We will show that injective or projective tensor norms other than e and tt destroy uncondi- 
tionality. 

First, note that from [8] Proposition 3.1] (and its proof), we can see that if S is a diagonal 
extendible multilinear form on £ p (2 < p < 00), then S is nuclear and 

(i) \\sy < c\\s\\ e . 

The definition of nuclear and extendible multilinear forms can also found in [8] (in the Section [3] 
we present the definition of extendible polynomials, which is analogous). Just for completeness, 
extendible multilinear forms are exactly those that are /-7r\-continuous, and nuclear multilinear 
forms are e-continuous. 

If T is any multilinear form on £ p , we denote by D(T) the multilinear form obtained from T 
setting to zero all the coefficients outside the diagonal (see [H] for details). 

Lemma 2.6. Let 2 < p < 00. There exist a constant K such that for every sequence of scalars 

^1 1 ■ ■ ■ > Ojm; 

m m 

a k^k ® ■ ■ ■ ® e k , ® n £ p n ) < Ke(Y^ a k e k ® ■ ■ ■ ® e k , ® n ^) 
k=l k=l 
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Proof. Notice that 

m m 

/7r\(^o fc e fc ® ■■■®e k ,® n l™) = sup | ^ a k T(e k , . . . , e k )\ 



k=l II T IU<1 fc=l 



sup I y^a k D(T)(e k , . . . ,e k )\, 



\\ T \\e<l k=1 

< S u P ^\±a k S(e k ,...,e k )\:SeC^) diagonal : ||5|| e < l|, 

where the last inequality is a consequence of the inequality ||D(T)|| e < ||T|| e ([9] Proposi- 
tion 5.1.]). Now, using (p}, we have 

m ( m 

M(^«fce fe ®---®e fc ,® ra ^) <C- 1 supj|^a fe< S( efe ,...,e fe )| : S G C n (fp) diagonal : \\S\\ N < 

k=l I k=l 

m 

< C _1 e( J]o fe e fc (8i • • • ® e fc ,® n £™). 
fc=i 

□ 

Now, what we are ready to show: 

Theorem 2.7. Nontrivial injective and nontrivial projective tensor norms destroy uncondition- 
ality. 



Proof. Let us see first that /tt\ destroys unconditionally. By the Destruction Test (Theorem [2l 
we need to show that /ir\ is not equivalent to e, a 2 and tt on n co, <8> n ^2 an d ® n £i respectively. 

The tensor norm /tt\ is not equivalent to e on ® n Co: since /7r\ = tt on ® n Co, this would imply 
tt ~ e, which clearly false. 

The tensor norm /tt\ is not equivalent to o~2 on <S> n i2'- Lemma 12.61 states the existence of a 
constant K such that: 

m m 

M(5^e fe ® ■ ■ ■ <g> e fc , ® n 4) < A"e( ^ e fc ® • • • ® e fc , ® n ^ 2 ) < K. 

k=l k=l 

On the other hand, 

m 

o-2{^e k (g) ■ ■ ■ (g> e k ,(g> n e 2 ) =m 1/2 , 
k=l 

so we are done. Note that this shows that 

(2) \\id : ( ® n /tt\) — >• ( ® n C <r 2 ) II -> oo, 

as m — > oo, a fact that will be used below. 

The tensor norm /tt\ is not equivalent to tt on (g> n ^i: if it were, every n-linear form on i\ would 
be extendible, but this cannot happen (see, for example, [4] Corollary 12] ). Since /tt\ < tt, this 
shows that 

(3) \\id : ( ® n /vr\) — ► ( ®" tt) (I -> oo, 
as m — ?• oo. 
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Thus, we have shown that /ir\ destroys unconditionality. From Equations ([2]) and (j3]), if a 
is a tensor norm that is dominated by /ir\, then it cannot be equivalent to ir or 02 on ® m l\ 
or <S> m i?2 respectively. If it is equivalent to e on cq, we would have that /a\ must be equivalent 
to e (on BAN). Therefore, the only (up to equivalences) injective tensor norm that does not 
destroy unconditionality is e. By duality, a projective tensor norm that is not equivalent to ir 
must destroy unconditionality. 



The previous result asserts that nontrivial natural full-symmetric tensor norms destroy un- 
conditionality. A natural question arises: what about the other (non-symmetric) natural norms? 
We know that none of them preserve unconditionality, but which of them destroy it? Again, the 
answer will depend on n being 2 or greater: 

Remark 2.8. For n = 2, /ir\ and \e/ are the only natural norms that destroy unconditionality. 

Proof. We know that /n\ and \e/ destroy unconditionality and that ir and e do not. 

On the other hand, since (/tt\)/ ~ 0I2 is equivalent to 02 in <g> 2 ^2, we have that (/vr\)/ does 
not destroy unconditionality and, by duality, neither does \(/tt\) ~ <?2- 

By \33\ Corollary 3.2] we know that IIi^,^) has the Gordon-Lewis property. Therefore, 
e/ = ^00 cannot destroy unconditionality. Transposing and/or dualizing, neither do \e = g^, 

A = d 'oo or A = g'oo- 

If we show that \(/vr) = \^^ does not destroy unconditionality, we obtain the same conclusion 
for (tt\)/ = d'oe/, (e/)\ = doo\ and /(\e) = /<?oo (again by duality and trasnposition) Now, since 
^oo is injective, every operator from l\ to is extendible. Therefore, /ir and ir are equivalent 
on (8> 2 ^i, which implies also the equivalence of \(/vr) and tt on ® 2 £i, and thus ~ \9'oo does 

not destroy unconditionality, which ends the proof. □ 

We have just shown that, for n = 2, nontrivial symmetric tensor norms are exactly those 
that destroy unconditionality. Let us see that for n > 3, there are non-symmetric natural tensor 
norms that destroy unconditionality. We have never defined nor introduced the the notation for 
non-symmetric natural tensor norms, but for the following examples, it is enough to say that 
injk means to take injective associate in the kth place (e.g., for n = 2, inj±a is the left injective 
associate /a). 

Example 2.9. There are non- symmetric natural norms that destroy unconditionality. 

Consider a = inji injin n . Note that E<E>/ W \ E is isometric to a complemented subspace of 
( <g> n E, a) for any Banach space E. Since /tt\ destroy unconditionality, it destroys the Gordon- 
Lewis property, and therefore so does a. 

It is not true that every natural tensor norm different from ir and e destroys unconditionality. 
For example, if we take a = injiir we have 



□ 




Therefore, a = injiir does not destroy unconditionality. 
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Our original motivation was the unconditionality problem for spaces of polynomials (Dineen's 
problem), and so it was reasonable to consider tensor products of a single space. However, 
the question about unconditionality is interesting also in tensor products of different spaces. 
Moreover, we will see that in this case, there is a new difference between n = 2 and n > 3. First 
we have this lemma (we present a proof at the end of this section) : 

Lemma 2.10. Let a be a 2-fold full injective norm. There exist a constant C > such that 
m 1 / 2 < Cgl{l™® a l™^ < Cm 1 / 2 for every m £ N. In particular, gl(£™ ® a l™) —> oo, as m — > oo. 

Now we can prove: 

Proposition 2.11. Fix n > 3 and let a be an n-fold natural full symmetric tensor norm other 
than tt or e. If Ei, . . . , E n have unconditional bases, then ® a (Ei, E n ) does not have the 
Gordon-Lewis property (nor unconditional basis). 

Proof. By the previous preposition we have that 

(4) gl (q* ® M %)~gl (I? ® /VA q)=gl (C ® \ M / ~ ^ (C ® W , 

and all go to infinity as m goes to infinity (the constants involved in the equivalences do not 
depend on m). Let a as in Remark 1 it is easy to show that a is the 2- fold natural analogous 
to a, thus must be one of the tensor norms that appear in (£[]). Recall that nontrivial natural 
symmetric tensor norms destroy unconditionality, therefore gl (j?^ &)a. 

PJf) oo for p G {1,2, oo}. 

By Theorem 12.51 since we have at least 3 spaces, two of them must contain, respectively, £™'s 
and iq's uniformly complemented, for p and q such that gl(i^ ®a £g) — > oo. Say E\ and E2 are 
those spaces. Observe that £™ ®q l 7 } = (l™ ® £™ ® [63] ® . . . [e n ], a) are uniformly complemented 
in (® n £'j,a) by Remark 11.11 and the proof is complete. □ 

With a similar proof the same result holds for a an n-fold injective (projective) full tensor 
norm such that a 76 e (a 76 tt). It is important to note that the previous proposition is false for 
n = 2. Indeed, cq ®/„-\ £2 = cq ®„.\ £2 — Co so if we show that there exists C > such 

that gl(£^ ®d' oc ^T) — C f° r ever y m i we are done. We have 

In [33], I. Schiitt showed that the last expression is uniformly bounded. This fact can be de- 
duced easily in a different way. Indeed, by Grothendieck's Theorem (one of them!) we have that 
U 1 (e 1 ,£ 2 ) = C(h,h), then gl{p. 1 (ef,£f)) x gl(£(£f,£™)) = gl(£™ ® £ £f) where the equiva- 
lence constants are independent of m. Since x(^So ®e X) = 1 f° r every space such x(X) = 1 we 
are done. 

In |29| Theorem 2.6] it is proved that, if (3 is a s-tensor norm such that (® n '^2>/3) has an 
unconditional basis, then (3 has to be equivalent to the Hilbert-Schmidt s-tensor norm. The 
analogous result for cq and l\ was stated in |28} Propositions 2.3 and 2.6] only for full tensor 
norms. In order to obtain the destruction test for s-tensor norms we need symmetric versions of 
[281 Propositions 2.3 and 2.6] (which are of independent interest). Floret in |20j showed that for 
every s-tensor norm /3 of order n there exist a full tensor norm <E>(/3) of order n which is equivalent 
to /3 when restricted on symmetric tensor products (i.e. there is a constant d n depending only on 
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n such that d~ 1 ^(0\ s < (3 < d n $(f3)\ s in i^ n,s E for every Banach space E). As a consequence a 
large part of the isomorphic theory of norms on symmetric tensor products can be deduced from 
the theory of "full" tensor norms, which usually is easier to handle. Using Floret's techniques it 
is now easy to obtain: 

Theorem 2.12. Let (3 be a s-tensor norm of order n. If (® n,s cq, 0) has unconditional basis, 
then j3 has to be equivalent to e s on ® n ' s CQ. If ((g> n,s £i, 0) has unconditional basis, then (3 has to 
be equivalent to n s on ® n ' s ti. 

Proof. First notice that (§> n '^2 (c ), 0) ~ (^"'^(co), (3) ~ (® n,s c , (3) has the Gordon-Lewis 
property. Since (® n co, $(/?)) is a complemented subspace of {® n ' s ^{cq), 0) we have, by The- 
orem [272], that (® n co, has unconditional basis. Thanks to Perez-Garcia and Villanueva's 
result |28[ Proposition 2.3] we can conclude that 3>(/3) ~ e. Now using the fact that $(/3)| s ~ (3 
[201 Theorem 2.3.] and e\ s ~ e s we get (3 ~ e s . 

With an analogous proof we obtain that if (® n ' s £i, /3) has unconditional basis, f3 must be 
equal (up to constants) to ir s . □ 

Using Proposition 12.121 |29[ Theorem 2.6.], Theorem 12.2] and proceeding in a similar way as 
in Theorem 12.41 we have the following analogous to Theorem 12.41 

Theorem 2.13. Destruction Test (symmetric version): Let (3 be an s-tensor norm of 
order n. The tensor product (<& n ' s E, 0\ does not have unconditional basis for any Banach space 
E with unconditional basis if and only if (3 is not equivalent to e s , 02 and ir s on ® n ' s Co, ® n ' s £2 
and ® n,s li respectively. 

Let f3 be an s-tensor norm, combining both versions of the destruction test (or using Floret's 
construction again) we have that <£(/?) destroys unconditionality if and only if (3 destroys uncon- 
ditionality. Finally, since /<I>(/3)\ ~ <I>(//3\) (Floret's construction preserves injective hulls, see 
|10|). we can use the previous comment and duality to give the symmetric version of Theorem 12. 71 

Theorem 2.14. Nontrivial injective and nontrivial projective s-tensor norms destroy uncondi- 
tionality. 

We finish this section with the proof of Lemma 12.101 We follow the procedure of [12] Theo- 
rem 3]). 

Proof, (of Lemma I2.10p 

For the lower estimate, notice first that £ 1 <8> e £2 — £\ <S) a £2 since £\ and £2 have cotype 2 |13] 
Exersice 31.2]. Then, £™ ® ^2 * s isomorphic to I™ (g) £ i™ with constants independent of m. 
So we have to estimate gl (■£" <g> £ £V; ) . 

Observe that 

m 

m 3/2 < W^ei® ej\\ t ™® et ™. 

hi 
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As a matter of fact, 

m mm 



|| ® ZjhT®d™ = SU P \'^2 a i b j\^ m SU P I /.bjl 

We now consider the aleatory matrices 

R : Q ->■ *f <g> £ £^ := ^ rij-(w)ei ® 

y 

G : fi -> C ® £ ^ := J^Sij(w)e< ® e i; 



mm 1 / 2 = rr?! 2 . 



i-j 



where (CI, fj,) is a probability space and rjj's and Pij's forms a family of m Bernoulli and 
Gaussian variables on f2, respectively. 
Then, for all oj € Vt 

m m 
m 3/2 < || ^ e, ej|^m ^m = || ^ rij(u))rjj (gj)ej ® ejl^m^m 

< x((ei ® e_j )i ,j ) H^MH^^m . 

On the other hand, we know that x((e; ® e,-)y) < 2 3 #Z(^i ® e by Theorem O Therefore, 
for every a; € we have: 

m 

Integrating the last expression, 

m ,. 

m 3/2 < || VeiSej-H/m® < 2 3 gl(£™ ® £ £™) / ||i?(w)||^ f ^ d/i. 

Now, since Gaussian averages L = 1/M\ dominate, up to a uniform constant, Bernoulli averages 
Page 15.], |16l Proposition 12.11.] we get: 



\\R(u)\\e™® e £™ d/j, < L \\G(u))\\jm® s e!p dfx. 
n Jn 

It is time to use Chevet inequality: 
Chevet Inequality [M] (43.2)]: Let E and F be Banach spaces. Fix x[,...,x' m G £" and 
yi, . . . ,y m £ F. If {gij} , {gi} , {gj} are independent Gaussian random variables in some proba- 
bility space (Q,fi). Then, 

„ m f m \ „ m 

/ II ftj 1 *®^!! d ^ - 6su Pbn<i y^KO^I 2 / liy^^yiMM 

^ i,j=l \i=l J J V j=l 

/ \ 1/2 

m \ „ m 



1/2 

/ " L \ 

+ ft SUpii^n^-L 
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To conclude with our estimations it remains to observe that 

m m 

Then, 

/ \\G(u)\kT®et? d ^ - bsn Px£B em (E™i \ x i\ 2 ) 1/2 Jn II Y,™=i9i(u)ejhf M^) 

+bsup yeB ^ {J2T=i \Vj\ 2 ) 1/2 In II E£iSiHei||^. 

Using \34\ Proposition 45.1] we have that the last member is less or equal to Cn, where C is a 
constant. We have shown that m 1 / 2 < Cgl{£™ ® e £™) . 

The upper estimate follows from the fact that d{£^ <g> £ £%,£f ® £ C) < d(t%,P£) = m 1 / 2 
together with X (£? ®e O = 1 ( since x(£?) = !)■ 

□ 

3. UNCONDITIONALITY IN IDEALS OF POLYNOMIALS AND MULTILINEAR FORMS 

Let V n {E) denote the space of all continuous n- homogeneous scalar- valued polynomials on E, 
endowed with "supremum on the ball" norm. 

Let us recall the definition of polynomial ideals |21] , A Banach ideal of continuous scalar 
valued n-homogeneous polynomials is a pair (Q n , \\ ■ ||q«) such that: 

(i) Q n (E) = Q n n T >n {E) is a linear subspace of V n {E) and || • || gn is a norm which makes 
the pair (Q n , \\ ■ ||g«) a Banach space. 

(ii) If T £ C{E\,E), P G Q n {E) then P o T £ Q n (E 1 ) and 

\\P ° T\\Qn(Et) < l|-P||gn(£)||7|| n . 

(iii) z i — y z n belongs to Q n (K) and has norm 1. 

The classes and Vf of nuclear and integral polynomials are examples of Banach ideals of 
polynomials (see |18| for definitions). 

We say that an n-homogeneous polynomial P : £2 — > K is Hilbert Schmidt if 

00 

( ]T |P(e fcl ,...,e fc J| 2 ) 1/2 <oo, 

k\ , . . . « 71, — 1 

where P is the symmetric n-linear form associated to P. The space of all such polynomial will 
be denoted by V% s {£ 2 ) with the norm ||P||p« s (^ 2 ) = ( E^,...,fc n =i l^( e fci , ■ ■ ■ , e fc J| 2 ) 1/2 . 
We begin with a reformulation of the Destruction test in terms of ideals of polynomials: 

Proposition 3.1. // Q n is a Banach ideal of n-homogeneous polynomials, the following are 
equivalent: 

(i) For any Banach space E with unconditional basis, Q n (E) fails to have the Gordon-Lewis 
property. 

(11) \\Id : Q n (C) -> (Oil -> \\Id ■ P n (£?) -> Q n (^™)|| -»• 00 and 
max(||/d : Q n {£^) -> 7^ s (^)||, ||7d : Vns^f) ~+ Q n (^?)ll) ^ 00 as m ^ 00. 
// Q is maximal, this is also equivalent to 
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(Hi) Q n {h) + V n (h), Q n (£ 2 ) + V n us {h) and Q n (c ) ^ Vf(c ). 

Proof. It is clear that (i) implies any of the other statements. To see that (ii) implies (i), by 
Tzafriri's result (Theorem 12. 5p it is enough to see that gl(Q n (£™)) — > oo as m — > oo for all 
these p = l,2,oo. We can suppose p = 1, the other cases being completely analogous. Let (3 
be the s-tensor norm associated to Q n . Since Q n (l™) = ( <8> n ' s £^,0), if gl(( ® n ' s £f,/8)) were 
uniformly bounded we would have that /3 ~ ir s on (£> n ' s li by Theorem 12. 121 Therefore, the norms 
of Q n (£^) and would be equivalent (with constants independent of m), a contradiction. 

The maximality of Q n assures that, if \\Id : T >n {P{ 1 ) — > Q n (£'i')\\ is uniformly bounded on m, 
then V n (t\) = Q n (£i) and, of course, the converse is also true. The same holds for the other two 
conditions in (ii) and (iii). □ 

For a Banach space E with unconditional basis (e^)?^, the authors of |14| studied when 
T >n {E) was isomorphic to a Banach lattice. It turned out that this happens precisely when the 
monomials e' a form an unconditional basic sequence. 

The same holds for a maximal Banach polynomial ideals: 

Proposition 3.2. Let Q n be a maximal ideal of n-homogeneous polynomials and E be a Banach 
space with unconditional basis (ej)'jL 1 . The following are equivalent: 

(1) The monomials e' a form an unconditional basic sequence in Q n (E). 

(2) Q n (E) is isomorphic to a Banach lattice. 

(3) Q n (E) has the Gordon-Lewis property. 

The proposition can be proved similarly to |14[ Proposition 4.1] and with the help of the 
following lemma, which is a consequence of the polynomial version of the Density Lemma |13j : 

Lemma 3.3. Let Q n be a maximal ideal of n-homogeneous polynomials and E a Banach space 
with monotone basis (e J )^ =1 . A continuous n-homogeneous polynomial Q belongs to Q n (E) if 
and only if sup^gpj \\Q o Pk\\Q n (E) < °°> where stands for the canonical projection to Ek ■ = 
[ej : 1 <j< k]. 
In that case, 

I|QIIq™(-E) = sup ||<5 oP k \\ Qn , E) = sup||Q| s J| S n( E ). 
km fceN 

Now we present some examples of Banach polynomial ideals that destroy the Gordon-Lewis 
property (in the sense of the Proposition 13. ip . An immediate consequence of Theorem ?? is the 
following: 

Proposition 3.4. If Q n is a Banach ideal of n-homogeneous polynomials associated to a nontriv- 
ial injective norm or a nontrivial projective norm, then Q n (E) does not have the Gordon-Lewis 
property for any Banach space with unconditional basis ( equivalently the monomial basic sequence 
is not unconditional). This holds, in particular, for any ideal with a nontrivial natural associated 
s-tensor norm. 

As an example of the latter, we have: 
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The ideal of extendible polynomials: A polynomial P G V n is extendible [25] if for any 

Banach space G containing E there exists P G V n {G) an extension of P. We will denote the 
space of all such polynomials by V^(E). For P G V™{E), its extendible norm is given by 

||P||-pn(£;) = inf{C > : for all G D E there is an extension of P to G 

with norm < C}. 

It is known that V™{E) = (® n ' s E,/ir 3 \)' (see [33J Section 20.7] and [3]), so we have: 

Example 3.5. If E is a Banach space with unconditional basis then V™(E) does not have the 
Gordon-Lewis property. Therefore, by Proposition \3.S\ the monomial basic sequence is not un- 
conditional in V^{E\ 

The ideal of r-dominated polynomials: For x±, . . . ,x m G E, we define 

t£>r((»i)™l) = Slip [y^ \ < x',Xi > 

x '^ b e' XT 

A polynomial P G P n (E) is r-dominated (for r > n) if there exists C > such that for every 
finite sequence (x l ) 7 ^ =1 C E the following holds 

(m \ 7 

El P ^)l") < Cuv((«i)£i) n - 

We will denote the space of all such polynomials by D™(E). The least of such constants C is 
called the r-dominated norm and denoted ||-P|| £>"(£)■ 

Example 3.6. If E is a Banach space with unconditional basis and r >n, then T>™{E) does not 
have the Gordon-Lewis property and the monomial basic sequence is never unconditional. 

Proof. By Proposition O we must show that I>?(4) / V n (£i), T>?(1 2 ) T^hs^), £> r n (c ) / 
V?(c ). 

If V?(£i) = V n {li), using O Lemma 1.5] we would have that T> 2 r (£i) = V 2 {li) (since V r and 
"P are coherent sequences of polynomial ideals [BJ Examples 1.9, 1.13]). By |13| Proposition 12.8] 
we would have: T> 2 (1\) = = ^eO^l)' but we already know that V 2 {1\) cannot be equal to 

V 2 (h). 

Using coherence again, it is easy to show that Vjjgfa) <t- £V( n ^2) (recall that Hilbert Schmidt 
polynomials coincide with multiple 1-summing polynomials, which form a coherent sequence of 
ideals H Example 1.14]): if V^ S {1 2 ) C T^(i 2 ), we would have V H s( 2 h) C £V( 2 4) = £>I(4) = 
"Pg(^2), which is not true, for example, by ([2]) and duality. 

Similarly, 2?,™(co) 7^ Vj(co) (Vi is also a coherent sequence [6] Example 1.11]). □ 

The ideal of r-integral polynomials: If /x is a finite, positive measure on and n < r < 00, 
the n-th integrating polynomial q™ r (f) := f f n d[i. It is straightforward to see that ||<j^ r || = 
^(fi) 1 / 5 where s = {^Y ■ A polynomial P G V n {E) is r-integral |21| if it admits a factorization 




P:E^ L r (n) -H IK 
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with a finite, positive measure and T G C(E, L r (£l)). We will denote the space of all such 
polynomials by T^{E). And 

\\ p \\x?{E) = inf{||T|| n ||g™ r .|| : P = g" r o T as before}. 

Example 3.7. If E be a Banach space with unconditional basis and r > n, thenI™(E) does not 
have the Gordon-Lewis property. 

Proof. As in the proof of [9j Theorem 3.5] we can see that, if M is a finite dimensional space, 
then (£>™)*(M) =X"(M). Let p G {l,2,oo}, we have that gl(l?(£™)) = gl(V?(£™)), which we 
already know by the previous example that this goes to oo with m. □ 

Note that in the proofs of the previous examples we have actually shown the following limits, 
which we will use below: 

(5) l|W:^s(^)->W?)l|->°° 

(6) ||M:2?(^)->?& fl (^)||->oo 
as m goes to infinity. 

The ideal of r-factorable polynomials: For n < r < oo, a polynomial P G V n {E) is called 
r-factorable |21] if there is a positive measure space (O, fx), an operator T G j£(E, L r (/i)^ and 
Q G V n (L r (//)) with P = Q o T. The space of all such polynomials will be denoted by C™{E). 
With 

||P|U ? ( jE )=inf{||Q||||T|r : P : E ^ L r (ji) ■% X}. 

Example 3.8. Lei E be a Banach space with unconditional basis and r > n, then C™(E) does 
not have the Gordon-Lewis property and the monomial basic sequence is not unconditional in 
£?(E). 

Proof. By [9, Theorem 3.5] and then [HJ Proposition 4.3.], we have V* = T™ ax C C r (£ r is 
maximal |2H Proposition 3.1]). Therefore, using Proposition 13.11 and Equation ([6]), we have 

\\Id : £™(C) -> P? (Oil -> 00 and ll /d : -> ?ff5(^3*)ll -> oo- Jt remains to show that 

7^ V n {t\). We will show this first for n = 2. Suppose this happens, then every symmetric 
operator T : t\ — > H.^ would factorize by a reflexive Banach Space, then must be weakly compact, 
a contradiction to the fact that i\ is not symmetrically Arens regular [TJ Section 8]. For n > 3 
we use coherence for composition ideals [6l Proposition 3.3] since C r = V o T r |18| 3.5.]. □ 

In |14| . Defant and Kalton showed that the space V n (E) of all n- homogeneous polynomi- 
als cannot have unconditional basis whenever E is a Banach space with unconditional basis. 
However, V n {E) can have the Gordon- Lewis property (for example, when E = £{). When this 
happens, V n (E) is not separable and therefore it has no basis at all. One may wonder if there 
are other ideals with that property: that never have unconditional basis but sometimes enjoy 
the Gordon-Lewis property. We will present such an example but first we extend the range of 
ideals for which Proposition 3.2.] apply. For each m, we define P m G V^i^) by 

m 

Pm{,%) — ^ ^ 3*j • 
3=1 
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Proposition 3.9. Let Q n a polynomial ideal such that {\\Pm\\Q n (g 2 ))m * s uniformly bounded. If 
( y Q n ) max (E) is separable, then E must contain (i™)™^ or (^oo)m=i uniformly complemented. 

Proof. Let (ej~)'^ =1 be an unconditional basis of E. By the proof of [141 Proposition 3.2.] we know 
that if E does not contain any of the sequences {^2)^=1^ (^oo)m=i uniformly complemented, 
we may extract a subsequence (fj)j° =1 of (e^)^^ such that for any x S F := [(fj)] we have 
X^=l l/j( x )| 2 < 00 ) w bere is the corresponding subsequence of the dual basic sequence. 

This means that, as sequence spaces, we have a continuous inclusion i : F £2- For x £ F, we 
define Q m (x) = £™ /j(x) n . We have 

IIQm.||g™(F) = ll-fm — I Km l|-p n (£ 2 ) INI ™ ' 

which is bounded uniformly on m. It follows from [3 Lemma 5.4] that (Q n ) maa: (F) cannot 
be separable. Therefore, (Q n ) max (E) cannot be separable either since F is a complemented 
subspace of E. □ 

The uniform bound for (H-fmllQ"^))™ * s necessary for the result to be true, as the following 
example shows. 

Example 3.10. Let E be a reflexive Banach space with unconditional basis. Since \e/ is a 
projective 2- fold tensor norm with the Radon-Nikodym property \13\ Theorem 33.5], we have 

E' ® w E' = (E® /A E)' = C 2 e {E). 

Therefore, C^{E) and V^(E) have Schauder bases [24] (which we already know are not uncon- 
ditional) and are consequently separable. If we take E to be the dual of the original Tsirelson's 
space, E does not contain either I™ nor ^00 uniformly complemented Pages 33 and 66] . 

Corollary 3.11. Let Q n be a maximal Banach ideal of n-homogeneous polynomials such that 
(ll-fm||Q n (^2)) m * s un if orm ly bounded. Suppose also that not ever polynomial in Q ti (cq) is integral. 
If E or its dual has unconditional basis, then Q n (E) does not have unconditional basis. 

Proof. Suppose first that E has unconditional basis. If Q n (E) is separable, by Proposition 13.91 E 
must contain either (l™)^ =1 or (^O^Li uniformly complemented. If E contains the sequence 
(^oo)m=l uniformly complemented, since not every polynomial on cq is integral, we have by the 
proof of Proposition 13.11 gl(Q n (£^)) — > 00 as m — > 00, so Q n (E) cannot have the Gordon- 
Lewis property. If E contains {t^rn^l uniformly, since (||-Pm||g™(£ 2 ))m ^ s uniformly bounded and 
(||-Pm||-p™ s (^ 2 ))m = we can conclude that gl(Q" '(i™)) — > 00 as m — > 00. Therefore, if E is 

reflexive, Q n {E) either fails the Gordon-Lewis property or is non-separable. In any case, it has 
no unconditional basis. 

If E' has unconditional basis and is reflexive, then E also has unconditional basis and we 
are in the previous case. If E' is not reflexive and has unconditional basis, then E' contains 
complemented copies of cq or l\. If it contains cq, it also contains ^oo, so E' is not separable, 
and neither is Q n (E). If E' contains l\ and we denote by f3 the s-tensor norm associated to Q, 
we have that Q(E) contains the spaces <g)g' s i m which are uniformly isomorphic to Q n {P^)- As 
in the reflexive case, the Gordon-Lewis constant of Q n (^) goes to infinity, so Q n {E) does not 
have the Gordon-Lewis property. □ 
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As a consequence of the previous corollary, we have that V n (E) cannot have an unconditional 
basis for any Banach space E that has (or its dual has) unconditional basis. Since there are 
Banach spaces without unconditional basis whose duals have one (see for example the remark 
after [261 I.e. 12.]), this somehow extends their result and answers Dineen's question as it was 
originally posed. However, it should be stressed that our arguments strongly rely on Defant and 
Kalton's work. 

Another consequence is the following: suppose that E' has a Schauder basis (e^)^ =1 and 
Q n is as in the previous corollary. Then, the monomials associated to {e'-)'^L 1 cannot be an 
unconditional basis of Q n (E). Indeed, should the monomials be an unconditional sequence, then 
(e'^JL-^ would be also unconditional, so we can apply Corollary 13.111 

Now we present another example of a Banach ideal of polynomials which can have the Gordon- 
Lewis property but that never has unconditional basis, just as V n : 

Consider Q n the ideal given by Q n = D™ o T^ 1 (here we follow the notation of |13[ 25.6] for 

quotient ideals). More precisely, a polynomial P belongs to Q n (E) if there exists a constant 

C > such that for every oo-factorable operator T : F — >■ E with joo(T) < 1, the composition 

P o T is n-dominated and IIP o Tllnn < C. We define 

M ii — 

||P||gn := sup{||PoT|| D « : 7oo(P) < 1}, 

where D™ is the ideal of n-dominated polynomials. 

It is not hard to see that Q n is in fact a Banach ideal of of n-homogeneous polynomials. Also, 
we have that Q n {h) = V n {l\). Indeed, take P G V n (h) and T G r oo (F,^i) with unit norm and 
let us find a constant C such that ||P o T||£>n < C. If S : F — > L oc (//) and R : L 0O ( / u) — > t\ are 
operators which satisfy ||S'||||i?|| < 2 and T = S o R, then PoT = PoRoS. By Grothendieck 
theorem, R is ?i-summing and vr n (i?) < _Kg||.R||. Since is the composition ideal T ,n oIl n |31] we 
have that \\P o R\\ D n < K%\\P\\ \\R\\ n . Therefore \\PoT\\ D n < K£\\P\\ ||P|| n ||S'|| n < (2K G ) n \\P\\ 
and we are done. 

Using a similar argument it can be shown that Q^ilq) = T >n {l?), so the sequence (||Pm||Q™(£ 2 ))m 
is uniformly bounded. We also have that Q u (cq) = D™(co) 7$ V^{cq). 

Finally, we see that Q n is maximal. Take P G (Q n ) max (E) and let us show that P G Q n (E), 
that is, ||P o T||£)n < C for every T G T OQ (F, E) with 7oo(P) < 1- Since T>™ is a maximal 
ideal, it is sufficient to prove that ||P o T|jv/||d™ < C for every M G FIN(F) and T as before. 
But, PoT\ M = P\ Im (r\ M )T\ M and since P G (Q n ) max (E) we have ||P|jv||c" < K f or every 
N G FIN(E). This means that sup 7oo ( r ) <1 ||P|jv ° ^llfg — K an( ^ we are done. 

Thus, Corollary 13. Ill says that Q n (E) has not unconditional basis if E or its dual has uncon- 
ditional basis. On the other hand, Q n (£i) = V n {l\) has the Gordon-Lewis property. 

We have presented examples of several polynomial ideals that lack the Gordon-Lewis property 
for any Banach space with unconditional basis. It is easy to obtain the same conclusions for 
ideals of multilinear forms on a single space. For example, Theorem 12.71 gives: 

Proposition 3.12. LetU n be a Banach ideal of n-linear forms associated to a nontrivial injective 
or projective tensor norm. If E has unconditional basis, thenU n (E) does not have the Gordon- 
Lewis property. 
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From the previous result and Proposition 12 . 1 ll we have: 

Example 3.13. (i) The space C™(E) do not have the Gordon-Lewis property for any Banach 
space E and n > 2. 

(ii) If E\, . . . ,E n are Banach spaces with unconditional basis (n > 3) then C e (Ei, . . . ,E n ) do 
not have the Gordon-Lewis property. 

On the other hand, the comments after Proposition 12.111 shows that we cannot expect (ii) to 
hold for n = 2. Moreover, the space £ e ( c 0)^2) not only enjoys the Gordon-Lewis property, in 
fact it has unconditional basis: since \e/ has the Radon-Nikodym property, 

Ce{co,h) = (co®/Tr\h)' = ^i®\ £ /4, 

and therefore has a monomial basis. Since we have shown that cq ® i m \ £2 has the Gordon-Lewis 
property, the monomial basis of £i®\ £ /(-2 must be unconditional. 

An example that does not follow from the injective/projective result is the ideal of r-dominated 
multilinear forms: 

Let r > n, an n-linear form T : Ei x • • • x E n — > K is r-dominated if there is a constant C > 
such that, however we choose finitely many vector {x 3 i ) 1 ^ =l G Ej, we have 

m 

( J2 \T{xl, xn r ' n T /r < Cw r ((xj)Zl) ■ ■ ■ MW)T=l)- 
i=l 

The space of all such T will be denoted Q™(Ei, . . . , E n ) with the norm 5™(T) = minC. 

Since the ideal of r-dominated polynomials T>™(E) is isomorphic to a complemented subspace 
of T)™(E), from the polynomial result (Example I3.6P we obtain: 

Example 3.14. Let E be a Banach space with unconditional basis. Then, T)^:{E) := ^^(E, . . . , E) 
do not have the Gordon-Lewis property. 

Let us mention that for different spaces, we can obtain that dominated multilinear forms 
behaves exactly as extendible ones in Example 13. 131 The case n = 2 follows from the coincidence 
between dominated and extendible bilinear forms. The case n > 3 is similar to the proof of 
Proposition I2.11[ using again that for bilinear forms extendibility is equivalent to domination. 

Analogously, just as in the polynomial case, the results for r-integral and r-factorable multi- 
linear forms (with the obvious definitions) can be deduced from the r-dominated case. 

We end this note with some remarks on unconditionality for certain Banach operator ideals. 
We have seen that for two different Banach spaces, the lack of unconditionality in tensor products 
may fail. Therefore, it is reasonable to expect that, in order to obtain results of "unconditionality 
destruction" type, we must impose certain conditions to the involved spaces. 

The ideal of (p,q)-factorable operators [131 Section 18]: Let p,q G [1, +00] such that 
1/p + 1/q > 1. An operator T : E — > F is (p, (^-factorable if there are a finite measure 
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operators R G £(E, L g /(//)) and S G £(L p (/i), i 7 ") such that hp o T = S o I o R y 

E ^ fHf" 

where / and /cp are the natural inclusions. We will denote the space of all such operators by 
T M (E,F). For T G r M (E,F), the (p,q)-factorable norm is given by J p , q (T) = mf{\\S\\ \\I\\ \\R\\}, 
where the infimum is taken over all such factorizations. 

If 1/p+l/q = 1, Tp t q coincides isometrically with the classical ideal T p of p-factorable operators 
PH Chapter 9]. 

Example 3.15. Let E and F be Banach spaces with unconditional basis such that E' and F 
have both finite cotype. Then, V pq (E, F) does not have the Gordon-Lewis property. 

Proof. By Theorem 12.51 we know that, for r G {2, oo} and s G {1,2}, E and F contain the 
uniformly complemented sequences (£™)™ =1 , (^™)^ =1 respectively. This easily implies that 
Tp^ q (E, F) must contain the uniformly complemented sequence (r pjq (£™ , £™))^ =1 . Therefore, if 
show that gllFp^i™,^ 1 )) — > oo as m — > oo we are done. 

By [131 17.10] we know that (T Ptq ,^ Ptq ) is a maximal operator ideal associated with the tensor 
norm a Ptq of Lapreste (see [131 12.5] for definitions). Thus, 

p irnn nm\ _ pm ^ nm 
L p,q^r i^s J ~ c r' w "p, 9 c s ■ 

Now by |13[ Exercise 31.2. (a)] we have 

si(r M (C.O) = 9i{ty ®« P , g C) ~ gi{«? ® M C) 

which goes to infinity as m — > oo (this is a direct consequence of the proof of Proposition 13.11 for 
Vl and Lemma [230} . □ 

In particular, for 1 < r < oo and 1 < s < oo the spaces r Pig (^ r ,^ s ) and T Ptq (co,£ s ) do not have 
the Gordon-Lewis property. The case r = oo and 1 < s < oo can be established just following 
the previous proof. In fact, proceeding as above and using |32^ Proposition 7], something more 
can be stated: For 2 < r < oo and 1 < s < 2, if E and F be Banach spaces such that E contains 
the sequence (£™)^ =1 uniformly complemented and F contains the sequence (£™)m=i uniformly 
complemented, then T p JE, F) does not have the Gordon-Lewis property. Note that in this case, 
we do not require that E nor F have unconditional bases. 

The ideal of (p,q)-dominated operators [131 Section 19]: Let p,q G [l,+oo] such that 
1/p + 1/q < 1. An operator T : E — > F is (p, q) dominated if for every m G N, xi, ■ ■ ■ , x m G E 
and y[, . . . , G i 7 ' there exist a constant C > such that: 

^r(< i4,Tx fe >) < Cw p (x k )w q (y' k ), 

where 1/p + 1/g + 1/r' = 1. We will denote the space of all such operators by T> P) q(E, F) with 
the norm D p ^ q (T) being the minimum of these C. 
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Equivalently, T G T> pq (E, F) if there are a constant B > and probability measures and ^ 
such that 

\<y',Tx>\<B{ f \<x',x> \^(dx')) 1/p { f | < y",y' > \ q v(dy")) 1/q , 

holds for all x G E and y' G F' , (replace the integral by || || if the exponent is oo). In this 
case, the (p, g)-dominated norm of T, D Pjq (T), is the infimum of the constants B for which the 
previous inequality hold (see |13[ Corollary 19.2.]). 

Ifl/p+l/(7=l, T>p^ q coincides isometrically with the classical ideal of p-dominated operators 
PH Chapter 9]. 

By |13| Sections 17 and 19] we know that the ideal of T> P)q the adjoint of r„/„/, the ideal of 
OA q')- f&ctoiable operators. Using the duality that this implies on finite dimensional spaces, we 
can deduce: 

Example 3.16. If E and F be Banach spaces with unconditional basis such that E and F' have 
both finite cotype. Then, T> Ptq (E, F) does not have the Gordon-Lewis property. 

As above, we can see that for 1 < r < 2 and 2 < s < oo, if E contains the sequence (^" l )^ =1 
uniformly complemented and F contains the sequence (l™)^ =1 uniformly complemented, then 
T> Piq (E, F) does not have the Gordon-Lewis property. 

We have, in particular, that 1 < r < oo and 1 < s < oo the spaces T> Ptq (£ r ,£ s ) and T> Ptq (£ r ,co) 
do not have the Gordon-Lewis property. 

Let us give a procedure to obtain more examples: if A a Banach operator ideal and a is its 
associated tensor norm, by A inj sur we denote the maximal operator ideal associated to the norm 
/a\ |13[ Sections 9.7 and 9.8]. Using the ideas of Example 13 . 1 5 1 and the fact that /a\ < /ir\, we 
have: 

Example 3.17. Let E and F be Banach spaces with unconditional basis such that E' and F 
have both finite cotype. Then, A m3 sur (E,F) does not have the Gordon-Lewis property. 

For example, let us consider A to be the ideal of (p, g)-factorable operators. An operator T 
belongs to T p n q sur (E, F) if and only if there is a constant C > such that for all natural numbers 
m G N, all matrices (a^/), all x±, . . . , x m G E and all y[, ... , y' m G F' 

m 

| «M < VkiTxi > I < C\\{a hl ) : 0? ^|| Vfa)Wk)- 

k,l=l 

In this case, "lp n q SW {T) := minC (see |13] Theorem 28.4]). 
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